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11111ÙÙÙ MarkovóóóMonte
Carlo���{{{

• § 11.1 O�È©�Monte Carlo�{

• § 11.2 MarkovóMonte Carlo�{{0

• §11.3 Metropolis-Hastings�{

• §11.4 GibbsÄ�

• §11.5 ��dMCMC�O�{
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Monte Carlo�{�=�Å�[�{�O¡§3A^

ÚOÆ!7KÆ!²LOþÆ!O�ÔnÆ�õ�+�kX

2��A^"{IêÆ[Æ´£Buffon¤u1777cJÑ�

|^Ý�¢�¯K§|^��²1����ªÇCqL«

��VÇ§l
¦��±Ç§ù�w¤´Monte Carlo�

{�å
"
d/O�Å�I0Ú/Æ�Ø�I0¾.ì�

ù£John von Neumann¤��¾�¦^�Åê?n(½

5êÆ¯K�Monte Carlo�{4�íÄ
ê�©Û�u

Ð"¾.ì�ù¦^�âx�Ù¢Monte Carlo5·¶ù«

�{"
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Monte Carlo�{�Ä��n´µ�¦)�Å¯�u

)�VÇ½�ÅCþ�êÆÏ"�§ÏL�O�,«¢�§

�Ñ,�A½¯�u)�ªÇ§¦^ù�ªÇ5CqL«

ù�¯�u)�VÇ§l
��¯K�ê�)"3Monte

Carlo�{¥�¹n�Ø%¯K§©O�µ�EVÇL§!

l®�VÇ©Ù¥Ä�!ïá�Oþ"
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ÏL�EÕáÓ©Ù��Åê5O�È©�Monte

Carlo�{§�¡�·�Monte Carlo�{"3�ê�~

p��¹e§Ï�O�þ��§¦^·�Monte Carlo�

{?n�Ý�ú"�Ú\�«Ä�Monte Carlo§=ÏL

�EMarkovó�4�²­©Ù§5�[O�È©��{§

¡�MarkovóMonte Carlo�{§±eþ{P�MCMC

£Markov Chain Monte Carlo¤"�Ù{�0�O�È

©� Monte Carlo�{§±9Metropolis-Hastings�{§

GibbsÄ��{"
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§11.1 OOO���ÈÈÈ©©©���Monte Carlo���{{{

·�Monte Carlo�{´ÏL�EÕáÓ©Ù��Å

ê5O�È©§kªÇ{�Ï"{ü«§·�©O�Ñ~

f"Ù¥ªÇ{±²;�BuffonÝ�¯K�~"

~~~ 11.1.1 ²¡þxX�
²1�§��m�ålþ

�a §�d²¡�Å/Ý��Ý�l(l < a)��Ý��²¡

þ§¦��?�²1����VÇ"

)))µµµ±ZL«��¥:��C�^²1��ål§βL

«��²1����§K(β, Z)�±(½�¤á� �§�

k0 ≤ Z ≤ fraca2, 0 ≤ β ≤ π§=��¤k�U ��

^βZ²¡þ�Ý/5L«§òdÝ/«�P�G"
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���²1����§Z�βA÷v'XZ ≤ l
2
sinβ§=

�ã11-1(b)¥�ÒKÜ©§òd«�P�R.

ã11-1 BuffonÝ�ã

���²1����VÇ�µ

p =
L(R)

L(G)
=

1
2

∫ π
0 lsinβdβ

1
2
πa

=
2l

πa
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|^d~��Y5��π��§Ù�{´Ý�Ng§P

¹������gên§2±ªÇ� n
N
��VÇp ��§u

´��
n

N
≈

2l

πa
=�

π ≈
2lN

an

±e·�ò¦^R^�5¢yBuffonÝ�¢�§Ù¥ü�

'��Ú½�µ

£1¤�)�ÅêµZ3[0, a
2
]S�Å��§β3[0, π]S�

Å��§�=ÄkI�)¤Ñl[0, a
2
] þþ!©Ù��Åê§

±9Ñl[0, π]þþ!©Ù��Åê"
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£2¤�[Ý�¢�µ�	ngÝ�Á�§e��²1

���§KL«Á�¤õ§b��¤õng§Kπ��O�

�2lN
an
§Ù¥��m�åla9���Ýl(l < a)þýk�

½"

¦^R^�5?1�[§~XÀ�Á�gê�N =

50000§��m�åla = 1§���Ýl = 0.75§�èX

eµ
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> touzhen < −function(N, l = 0.75, a = 1)

+{
+n < −0; beta < −runif(N, 0, pi); z < −runif(N, 0, a/2)

+for(iin1 : N)

+{
+if(z[i] <= l ∗ sin(beta[i])/2)

+n < −n+ 1

+}
+2 ∗ l ∗N/(n ∗ a)

+}
> touzhen(50000)
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~~~ 11.1.2 £�ÅÝ:{¤O�?�½Â��[0, 1]�

¼êg(x)3«m[0, 1]þ�È©
∫ 1

0 g(x)dx.

))) b��ÅCþXÚYþÑl[0, 1]þ�þ!©Ù§��

pÕá§K���Å�þ(X,Y )ÑlÝ/«� [0, 1]∗[0, 1]þ

���þ!©Ù§éÜVÇ�Ý�µ

f(x, y) =

{
1, 0 < x < 1, 0 < y < 1

0, Ù¦

y^BL«¯�{w : Y ≤ g(X)}£g�?�½Â��[0, 1]œ¤§

�=·��Ý/«�[0, 1] ∗ [0, 1]�ÅÝ:§Ù¥:á3

±[0, 1]�.§±¼êg(x)�­>�­>F/S"

�O�¯�Bu)�VÇ�

P (B) = P{Y ≤ g(X)} =

∫
Y≤g(X)

f(x, y)dxdy
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O�d�­È©��

P (B) =

∫ 1

0

[

∫ g(x)

0

1dy]dx =

∫ 1

0

g(x)dx

�=È©
∫ 1

0 g(x)dx�O�8(��	þã¯�Bu)�V

Ç"

dBernoulli�ê½Æ��§�^­EÁ�¥¯�Bu

)�ªÇCqL«¯�Bu)�VÇ"

£1¤�)Ñl[0, 1]þþ!©Ù��Åê"

£2¤�[¢�µ�	ngÝ:¢�§P¹¯�{w : Y ≤
g(X)}u)�ªÇ§^5CqL«Ùu)�VÇ§=��È
©�

∫ 1

0 g(x)dx.

~X§·�O�IO��©Ù��Ý¼ê3[0, 1]þ�È

© 1√
2π

∫ 1

0 e
−x2

2 dx§¦^R^�5¢yù�Á�L§§�èX
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eµ

> mc1 < −function(n)

+{
+k < −0;x < −runif(n); y < −runif(n)

+for (i in 1 : n)

+{
+if (y[i] < exp(−x[i]2/2)/sqrt(2 ∗ pi))
+k < −k + 1

+}
+k/n

+}
> mc1(10000)
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,��¡§·�æ^R^�¥�S�¼êintegrateO

�dÈ©

> integrate(function(x) exp(−x2/2)/sqrt(2 ∗ pi), 0, 1)(11.1.1)

0.3413447 with absolute error < 3.8e− 15 (11.1.2)

ü«�{O�Ñ�È©��~�C"
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~~~ 11.1.3 £²þ�{¤O�½È©
∫ 1

0 g(x)dx.

))) b��ÅCþXÑl[0, 1]þ�þ!©Ù§d�ÅC

þ�¼ê�Ï"��¦{��§Y = g(X)�Ï"��

E[Y ] = E[g(X)] =

∫ 1

0

g(x)dx

�=È©
∫ 1

0 g(x)dx�O�8(�O�g(X)�êÆÏ"�"

k"��ê½Æ�§eXn´ÕáÓ©Ù��ÅCþS�§

K1
n

∑n
i=1Xi�VÇÂñE[Xi]§��^g(X)�*	��þ

�5�Og(X)�Ï"�"

£1¤�)Ñl[0, 1]þþ!©Ù��Åêxi.

£2¤éz�xiO�g(xi)§=���È©
∫ 1

0 g(x)dx��

O��1
n

∑n
i=1 g(xi).
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O�IO��©Ù��Ý¼ê3[0, 1]þ�È© 1√
2π

∫ 1

0 e
−x2

2 dx§

¦^R^�5¢yù�Á�L§§�èXeµ

> mc3 < −function(n)

+{
+x < −runif(n); f < −1 : n

+for (i in 1 : n)

+f [i] < −exp(−x[i]2/2)/sqrt(2 ∗ pi)
+sum(f)/n

+}
> mc3(10000)

^²þ�{O�Ñ�(J��ÅÝ:{±9��O�½È©

���~�C"
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§11.2 MarkovóóóMonte Carlo���{{{{{{000

3�ê�~p��¹e§Ï�O�þ��§¦^þ!

0��·�Monte Carlo�{?n�Ý�ú"Ä�Monte

Carlo§=MarkovóMonte Carlo�{�Ì�^ué�ê

�~p��Å�þ��"

MCMC�{ÄkAïá��Markovó§¦�Ù4�

©Ù´²­©Ù§Kl8I©Ù¥�)�Å��§Ò´

l��²­G��Markovó¥�)��´»"��Ð

�MarkovóAT÷vl?¿ �ÑuU¯���²­©

Ùù«5�"

MCMC�{�nØ�â´A�4�½nµ

Äk§d15Ù½n5.3.3��§H{�Markovó£=
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Ø��!�~�!�±Ï�Markovó¤�4�©Ù´²­

©Ù�´���²­©Ù¶

�Ä��G��m�S = {1, 2, · · · , N} �Markovó

{Xn, n = 0, 1, 2, · · · } §=£VÇÝ
P�

P =


p11 p12 · · · p1N

p21 p22 · · · p2N

· · · · · · · · · · · ·
pN1 pN2 · · · pNN


ª¥§pij(i, j = 1, 2, · · · , N)L«�à�MarkovólG

�i²L�Ú�=£�G�j�VÇ¶éuH{�Markovó§

4�©Ù�

πj = lim
n→∞

pnij, j ∈ S

πjL«²L��m$1�XÚ?uG�j��m�'~§
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~-

π = (π1, π2, · · · , πN)

Kπj(j = 1, 2, · · · , N)´÷ve��5�§|���)µ

(π1, π2, · · · , πN) =


p11 p12 · · · p1N

p21 p22 · · · p2N

· · · · · · · · · · · ·
pN1 pN2 · · · pNN

 ∗ (π1, π2, · · · , πN)

N∑
j=1

πj = 1

½{P�µ {
π = πP∑N

j=1 πj = 1
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þãπj(j = 1, 2, · · · , N)�¡�Markovó�²­VÇ§

��é?¿j = 1, 2, · · · , N§þkπj =
∑N

i=1 πipij§L

«Markovó?uG�j��m¤Ó�'~�uMarkovó

lG�i=£�G�j¤Ó�'~éi¦Ú¶
∑N

j=1 πj = 1 KL

«Markovó?uG�j��m¤Ó�'~éj¦Ú�1.

d½n`²
�dê��Åó$1v
��m�©Ù

£Markovó�4�©Ù¤ÚÐ©©Ùπ0Ã'"

Ø
¦)ª£11.2.1¤5¼�²­VÇ§�k,	�«

�{µ
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b��3�êxj(j = 1, 2, · · · , N)§¦�{
xipij = xjpji∑N

j=1 xj = 1

é¤kG�i¦Ú��
∑N

i=1 xipij = xj
∑N

i=1 pji = xj§

dª£11.2.1¤�)���5�� πj = xj.

�é?¿i 6= j§þkπipij = πjpji¤á§K¡dMarkovó

´�m�_�§¿¡d�§�²ï�§"

ùL«e^VÇ©Ù{πj, j = 1, 2, · · · , N}L«Markovó

�Ð©©Ù§Kl?¿��m©§±�����	XÚ�C

z�¹§E´��=£VÇ�pij�Markovó"
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Ùg§Markovó�kXe­�5�µ

½½½nnn 11.2.1 £ê��Å�ê½Æ¤b�{Xn, n =

0, 1, · · · }��²­©Ù�π�H{�Markovó£Ù¥z

�Xn�±´õ��¤§KXn�©ÙÂñ�©Ù�π��Å

CþX§�é?¿¼êg§�Eπ[g(X)]�3�n→∞�§k

gn =
1

n

n∑
i=1

g(Xi) −→ Eπ[g(X)], a.s.

½n11.2.1`²Markovó�¢�¼ê�H{þ�A�

??Âñ�4�©Ùe�þ�"
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½½½nnn 11.2.2 e��ó´���AÛH{£=£�Ý

±�Ýλt(0 < λ < 1)Âñ¤�§¿�f�éu²­©Ùπ´

²��È�§Kk√
(n)

fn − Eπf(x)

Γ
−→ N(0, 1), n→∞

½n11.2.2`²H{þ��Ü·�Cz�©ÙÂñ�IO

��©Ù"

Ïd§·��±ïá��±π�²­©Ù�ê¼ó§K

3$1dóv
��m�§Tê¼óÒ¬��²­G�§d

�ê¼ó��Ò��ul©Ùπ¥Ä����"
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§11.3 Metropolis-Hastings���{{{

MCMC�{�­:3u�EÜ·�ê¼ó§Ïd�{

�Ì�8�´éMarkovó{Xn, n = 0, 1, 2, · · · }§3�½�
�Xn¤?�G�e§�)e�Ú�G�Xn+1"�!·�0

�Hastings-Metropolis�{£{¡M-H�{¤5�E�

�ò,���½VÇ©Ù��4�©Ù�Markovó"

b�·�a,��8I©Ù�{pj, j ∈ S,
∑

j∈S pj =

1}©Ù§Q´G��m�S = {1, 2, · · · , N}�Ø��Markovó

�=£VÇÝ
§Q = (qij)(i, j = 1, 2, · · · , N)¶½Â�

�Markovó{Xn, n = 0, 1, 2, · · · }§�Xn = i�§)¤��

�ÅCþ¦�Ù©Ù�µ

P{X = j} = qij, j = 1, 2, · · · , N
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XJX = j§KXn+1±VÇαij=£�j§±VÇ1 −
αij=£�i. XJ�

αij = min{
πjqji

πiqij
, 1}

KMarkovó{Xn, n = 0, 1, 2, · · · }�=£VÇÝ
�µ{
pij = qijαij, ej 6= i

pii = qii +
∑

k 6=i qik(1− αik)

�πiqijαij = πjqjiαji£�j 6= i¤§½=πipij = πjqji£�j 6=
i¤§

£´�αij =
πjqji
πiqij
�§αji = 1¶αij = 1�§αji =

πiqij
πjqji
¤
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·���Metropolis-Hasting�{£{¡�M-H�{¤§

Ù'�Ú½�µ

£1¤�E·Ü�ïÆ©Ùg(·|Xn)§¿�)��Ñlï

Æ©Ù��À�Y £Ù¥ïÆ©Ù�?¿��lÐ�©Ù§

=��XÛlT©Ù¥Ä�"ïÆ©Ù�ÀJ�¦��)�

ê¼ó�²­©Ù�8IÄ�©Ùf¤.

£2¤�½

Xn+1 =

{
Y, ±VÇα

Xn, ±VÇ1− α
ª¥§

α = α(Xn, Y ) = min{
f(Y )g(Xn|Y )

f(Xn)g(Y |Xn)
, 1}

3�1þãÚ½£2¤�§~æ^��{´�)Ñl

þ!©ÙU(0, 1)�U§eU < α§K-Xn+1 = Y¶ÄK
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-Xn+1 = Xn.

òþãL§{�V)§=M-HÄ��{ÏLXe�ª

)�ê¼ó{Xt, t = 0, 1, 2, · · · }µ
£1¤�EÜ·�ïÆ©Ùg(·|Xt)§¿�)ÑlT©Ù

�X0.

£2¤lg(·|Xt)¥�)Y§lU(0, 1)¥�)U§e

U ≤
f(Y )g(Xt|Y )

f(Xt)g(Y |Xt)

K�ÉY¿-Xt+1 = Y§ÄK-Xt+1 = Xt

£3¤­EÚ½£2¤¥�L§��ê¼ó��²­G

�"

L§¥��ÉVÇ�:

α(Xt, Y ) = min{1,
f(Y )g(Xt|Y )

f(Xt)g(Y |Xt)
}
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Ïd3O�L§¥��²(8I©Ùf��VÇ�Ý¼

ê�'u,���~ê=�"

M-H�{´MetropolisÄ��{�í2"3Metropolis�

{¥§ïÆ©Ù´é¡�§=g(·|Xt)÷v

g(X|Y ) = g(Y |X)

Ïd�ÉVÇ�:

α(Xt, Y ) = min{1,
f(Y )

f(Xt)
}
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§11.4 GibbsÄÄÄ���

GibbsÄ�´M-H�{���A~§§´�«òp�¯

K=z���¯K��{"GibbsÄ��{Ì�A:´©O

Å�rz�©þ?1Ä�"3éz�©þ?1Ä���ÿ§

´éÙ¦¤k©þ�^�©Ù?1Ä��"

±��©Ù(X1, X2)�~`²GibbsÄ���{µ

(a)-(x1, x2) = X(t− 1)¶

(b)lf(x1|x2)¥�)ÿÀ:X∗1(t)§�#x1 = X∗1(t)¶

(c)lf(x2|x1)¥�)ÿÀ:X∗2(t)§�#x2 = X∗2(t)

(d)-X(t) = (X∗1(t), X∗2(t))
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´í2�õ��¹§-X = (X1, X2, · · · , Xq)´q��

Å�þ§½Â�A�q − 1��Å�þ�µ

X−j = (X1, · · · , Xj−1, Xj+1, · · · , Xq)

®�X−j��¹eXj�^�©ÙéA�VÇ�Ý¼ê�f(Xj|X−j)§
¡�÷^�©Ù§��kq�÷^�©Ù§GibbsÄ�´l

ùq�÷^�©Ù¥�)ÿÀ:"∀j = 1, 2, · · · , 1§lf(Xj|X−j)
¥�)ÿÀ:X∗j (t)§�#xj = X∗j (t)¶

l��©Ùf(xj|x1(t), x2(t), · · · , xj−1(t), xj+1(t), · · · , xq(t−
1))¥Ä���{ü§Ï�Ø
Cþxj	§Ù¦Cþþ´~

ê"
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~~~ 11.4.1 ¦^GibbsÄ��{�)Ñl����©

Ù��Åê"

)))��Å�þ(X,Y )Ñl����©ÙN(µ1, µ2, σ2
1, σ

2
2, ρ)§

O�Ù>�©Ù�� XÑl����©ÙN(µ1, σ2
1)§YÑ

l����©ÙN(µ2, σ2
2)¶,�O��½Y = y�X �^

�VÇ�Ý¼ê�

f(x|y) =
1

√
2πσ1

√
1− ρ2

exp

{
−

1

2σ2
1(1− ρ2)

[
x− (µ1 + ρ

σ1

σ2
(y − µ2))

]2
}

�½Y = y�§XE,Ñl����©Ù§�k

E[X|Y = y] =µ1 + ρ
σ1

σ2
(y − µ2)

V ar[X|Y = y] =σ2
1(1− ρ2)

Ón�O���½X = x�§YÑl����©Ù"
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¦^Gibbs�{�R�è�µ

> N < −6000 ½ÂMarkovó��Ý

> drop < −1000

> X < −matrix(0, N, 2)

> rho < −− 0.65;mu1 < −1;mu2 < −2; sigma1 < −1; sigma2 < −0.8

> s1 < −sqrt(1− rho2) ∗ sigma1; s2 < −sqrt(1− rho2) ∗ sigma2
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)¤Markovó

> X[1, ] < −c(mu1,mu2)

> for(iin2 : N){
+x2 < −X[i− 1, 2]

+m1 < −mu1 + rho ∗ sigma1/sigma2 ∗ (x2−mu2)

+X[i, 1] < −rnorm(1,m1, s1)

+x1 < −X[i, 1]

+m2 < −mu2 + rho ∗ sigma2/sigma1 ∗ (x1−mu1)

+X[i, 2] < −rnorm(1,m2, s2)

+}
> b < −drop+ 1

> x < −X[b : N, ]
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)¤�Markovó�1000�*ÿ�¢ïK§�e�*ÿ

�\x¥§�wÑx��ê�50001§2�"

> dim(x)

[1]50002

¦^colMeans¼ê½apply¼êO�x�����þ�§�

��Ñ�µ1 = 1, µ2 = 2?1é'¶

> colMeans(x)

[1]0.96329442.0231725

> apply(x, 2,mean)

[1]0.96329442.0231725
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¦^cov¼êO�x������
9�'Xê


> cov(x)

[, 1] [, 2]

[1, ]0.9838777 − 0.5144265

[2, ]− 0.5144265 0.6297255

> cor(x)

[, 1] [, 2]

[1, ]1.0000000 − 0.6535476

[2, ]− 0.6535476 1.0000000

���Ñ�σ1 = 1, σ2 = 0.8, ρ = −0.65 ?1'�§uy

��ëê����O��ý�´'��C�"
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¦^plot¼ê±�GibbsÄ������©Ù�Ñ:

ãµ

> plot(x,main =′′, cex = 0.5, xlab = bquote(X[1]),

ylab = bquote(X[2]), ylim = range(x[, 2]))

Ñ:ã�w«Ñ����©Ù¤äk�¥¡é¡5ÚK�'

5A�"

ã11-2 GibbsÄ������©Ù�Ñ:ã
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§11.5 ������dddMCMC���OOO���{{{

lc¡A!·�w��MCMC�{�@dÔnÆ[

Metropolis 1953cJÑ§�)ûÔn¥�p�E,È©

O�¯K§T�{´ÏL�½üÑ�)²­�Markovó§

TMarkov ó�²­©Ù´·�¤a,��©Ù§ù�Ò

�±|^TMarkovó5?1ëêíä§ MCMC�{�

¡�20­V����{��§�ó§�¢��Æ�5
ã

�K�¿íÄÙ�cuÐ§�´äkÀe¿Â�´§r�

�MCMCù�kåóä§��þ�­V"âéÚOÆ+�

�)¢��K�§ØL8c MCMC3ÚOA^!7KÚ�

�dOþ²LÆ�+�®�5
2��A^"�!·�Ì�

?ØMCMC�{3��d�O¥�A^"
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§11.5.1 ������dddMCMC���OOO

A^��d�{?1©Û¯K��ÿ§���Ì��Û

�Ú(JÒ´��Ù��©ÙI�?1p�È©¼êO�§

Ï~p�È©´�~(Jq�ÑO��m§8c®k�
|

©��{5;���?1p�È©O�§·�ùp�?ØÙ

¥�MCMC�{"

{ü5`§b�p(y|θ)�Ä�VÇ�Ý¼ê§Ù¥y´

�|*ÿ�þ§ θ = (θ1, · · · , θd)´��O���ëê"·
�ùpæ^��d�{?1ëê�O§���ëê�k�V

Ç�Ý¼ê�π(θ)§K��VÇ�Ý�

π(θ|y) =
p(y|θ)π(θ)∫

Θ p(y|θ)π(θ)dθ
p(y|θ)π(θ) (11.5.1)
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�´3¢S¯K¥§þã���Ý£11.5.1¤Ï~´

'�E,���/ª"¤±§|^���©Û�{½öê

�È©��{$�´DÚ��Akâ�{5é��©Ù

?1©Û§��5`´Ø�1�",
§ù
(J�±¦

^MCMC�{5)û"

dê¼ó�5���§3�½�c�ÚL��ó�e§

θ(g+1)�©Ù��6θ(g) §ù�§�±^�Ú=£Ø5L«

K(θ(g),A|y) = P (θ(g+1) ∈ A|y, θ(g))

��À�K(θ,A|y)§Ò�±Ä�θ(i+1) ∼ K(θ(i), ·|y)§¤k

Uì48�{���S�{θ(i+1)}"Ï��E�ê¼óÂñ
�8I©Ù, KØ�c¡v
��n0gS����G��

{θ(n0+1), θ(n0+2), · · · , θ(n0+G)}�±@�´5gπ(θ|y) ���

Ä�"��Gv
�§K��{θ(n0+1), θ(n0+2), · · · , θ(n0+G)}
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�±�����Ý¼ê����n£surrogate¤"¤

±�±^

ĥ(θ) = G−1
G∑
g=1

h(θ(n0+g)) (11.5.2)

5�Oh(θ)�Ï"§^

θ̂l = G−1
G∑
g=1

θ
(n0+g)
l ) (11.5.3)

5�Oθ�1l�©þ.
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Metropolis-Hastings���{{{

M-H�{�Ì�g�´l��lÐ
q{B�=£�

Ý¼êq(θ†, θ|y) ���[�)θ §Ù¥ θ†, θ´?¿�ü�

:§,�?�=£�Ý¼ê§(�?���MarkovókX

�(�4�©Ù£8I©Ù¤§ùp·�¡q(θ†, θ|y) �ë�

)¤�Ý½ïÆ�Ý¼ê"

e¡�ÑäN�M-H�{§-θ(g) ´�c�§e�Ï

�θ(g+1) dïÆÚÚ£ÄÚùüÚ�)µ

• Step1µÐ©zθ(0)¶

• Step2µ3z�gS�g(g = 0, 1, · · · , n0 +G)

ïÆÚµlïÆ�Ý¼êq(θ(g), θ|y)�)ïÆ�θ†¿O�

α(θ(g), θ†|y) = min

{
1,
π(θ†|y)

π(θ(g)|y)

q(θ†, θ(g)|y)

q(θ(g), θ†|y)

}
(11.5.4)
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£ÄÚµ-

θ(g+1) =

{
θ†, ±VÇα(θ(g), θ†|y)

θ(g), ±VÇ1− α(θ(g), θ†|y)

• Step3µDKc¡n0gýS�êâ¿�;���GgÄ

�{θ(n0+1), θ(n0+2), · · · , θ(n0+G)}
3¢SA^¥§£�Ý¼êθ†, θ|y �À�´'�§e¡

´A«~��À��{"

1¤Random walk M-H ïÆÚ: �½�c�θ §ïÆ

��θ† = θ+ε Ä�§Ù¥ε�é¡©Ù§'Xq ∼ N(0, τV )

§Ïd

α(θ, θ†|y) = min

{
1,
π(θ†|y)

π(θ|y)

}
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2¤ Independence M-H ïÆÚ: -q(θ, θ†, θ|y) =

q(θ†, θ|y)§ù�

α(θ, θ†|y) = min

{
1,
π(θ†|y)

π(θ|y)

q(θ|y)

q(θ†|y)

}
�θ ��ê'����ÿ§3��©¬p¡Ä���ÇØ

n�§ù�k7�òθ ©�¤�
��«¬ÓgÄ�"�


)ºù�g�§·�b� θ �©�¤ü¬µ(θ1, θ2) £3

éõ¯K¥��â¯K��5©�¤§-q1(θ1, θ
†
1|y, θ2)§

q2(θ2, θ
†
2|y, θ1)L«ïÆ�Ý"Ó�½Â

α1(θ1, θ
†
1|y, θ2) = min

{
1,
π(θ†1|y, θ2)

π(θ1|y, θ2)

q1(θ1†, θ1|y, θ2)

q1(θ1, θ
†
1|y, θ2)

}
(11.5.5)
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α2(θ2, θ
†
2|y, θ1) = min

{
1,
π(θ†2|y, θ1)

π(θ2|y, θ1)

q2(θ2†, θ2|y, θ1)

q2(θ2, θ
†
2|y, θ1)

}
(11.5.6)

^����Ýπ(θ1|y, θ2), π(θ1|y, θ2) �¡�÷^�

©Ù§d Bayes½n��Ù�éÜ��©Ù¤'~§'

Xπ(θ1|y, θ2) ∝ π(θ1, θ2|y) §Ïd3(11.5.5)Ú(11.5.6)¥

�=£VÇ�±^éÜ���Ý�Øπ(θ1, θ2|y) L«§Ï�

÷^�©Ù��Kz~ê���"
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3¤õ©¬ M-H �{µ

Step1:)¤θ†1 ∼ q1(θ1(g), θ
†
1|y, θ

(g)
2 )±VÇα1(θ

(g)
1 , θ†1|y, θ

(g)
2 )�

#θ
(g+1)
1 .

Step2:�#1�¬��§)¤θ†2 ∼ q2(θ2(g + 1), θ†2|y, θ
(g+1)
1 )

±VÇα2(θ
(g)
2 , θ†2|y, θ

(g+1)
1 )�#θ

(g+1)
2 .
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£2¤Gibbs Ä��{

3éõ�/ez��÷^�©ÙÑäk®��/ª¿�

±��Ä�§·��±^§����ïÆ©Ùµ

q1(θ1(g), θ
†
1|y, θ

(g)
2 ) = π(θ†1|y, θ

(g)
2 )

q2(θ2(g + 1), θ†2|y, θ
(g+1)
1 ) = π(θ†2|y, θ

(g+1)
1 )

¿�N´���#VÇα1(θ1(g), θ
†
1|y, θ

(g)
2 ) = 1 §ù«AÏ

�©¬M-H�{¡��GibbsÄ��{"

GibbsÄ��{µz�gS�g(g = 1, 2, · · · , n0 +G)µ

•lπ(θ1|y, θ(g)
2 ))¤θ

(g+1)
1 ¶

•lπ(θ2|y, θ(g+1)
1 ))¤θ

(g+1)
2

�£{θ(n0+1), θ(n0+2), · · · , θ(n0+G)}§O��Oþ
ĥG = G−1

∑G
g=1 h(θ(n0+g)).
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£3¤·ÚÄ�

3�
¯K¥§¬����½õ�÷^�©ÙØU��

Ä�§ù�ÿI�æ^M-HÚGibbs·Üå5�Ä��{§

éuäk�£O/ª�÷^�©Ù��Ä�§éuØ�£O

�÷^�©Ùæ�M-H�{"
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§11.5.2 MCMC���{{{���ÂÂÂñññ555���

¦^MCMC�{?1íä�6uMCMC�{�Âñ

5�§e¡�ü�­�(J5gu Tierney(1994).

½½½nnn 11.5.1 HHH{{{555���êêê½½½ÆÆÆ

b�ê¼ó{θ(g)} ´Ø���¿äkØC©Ùπ(θ|y) §

Kπ(θ|y) ´���ØC©Ù¶XJê¼ó´Ø��!�±Ï

�§Ké?���ÿ8A §

||P (θ(g) ∈ A|y, θ(0))−
∫
A
π(θ|y)|| −→ 0, a.s., �G→∞

(11.5.7)

XJê¼ó´H{�§Ké¤k÷v∫
Θ

|h(θ)|π(θ|y)dθ <∞

�¼êh(θ) ÚÐ©©Ù§Ñk
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ĥG −→
∫

Θ

|h(θ)|π(θ|y)dθ, a.s., �G→∞ (11.5.8)

ùp�OþĥG := G−1
∑G

g=1 h(θ(g))

½n11.5.1�·�Jø
MCMCíä�Ä��{§�

�·�|^=£Ø��[��´»5����Ý!��VÇ

±9Ù§þ��Ü�O"5¿�½n�^�´'�f�§¤

±äk�~2��A^"
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½½½nnn 11.5.2 HHH{{{555¥¥¥%%%444���½½½nnn

b�ê¼ó{θ(g)} ´��H{¿äkØC©Ùπ(θ|y)§

Ké¤k÷v
∫

Θ h(θ)|2π(θ|y)dθ < ∞�¼êh(θ)ÚÐ©©

Ù§Ñk
√
G(ĥG − Eπh) −→ N(0, σ2

h) (11.5.9)

ª¥

Eπh =

∫
Θ

h(θ)π(θ|y)dθ <∞

σ2
h = V arπ(h(θ

(1)
1 )) + 2

∞∑
j=2

Covπ(h(θ
(1)
1 ), h(θ

(j)
1 ))



51/52

‖J I‖

J I

GoBack

FullScreen

Close

Quit

½n11.5.2�·�Jø
O�Eπh �MCMCëê�O

�OþĥG ��O°Ý�g´§·�I�O�V ar(ĥG) =
σ2
h

G

" V ar(ĥG) �²��¡�Numerical standard error ½

ö Monte Carlo standard error ( MCSE ) "§�±Ï

LRipley(1987)�1þþ�£batch means¤{��:

-Zg = h(θ(g))(g = 1, 2, · · · , G)§rêâ{Z1, Z2, · · · , ZG}
y©¤pØ­U��Ý�m�k �«m§þ��µ

Bi = m−1(Z(i−1)m+1 + · · ·+ Zim), i = 1, 2, · · · , k

ª¥§m�À�I��y1þþ����g�'Xê�

u0.05"PB := 1
k

∑k
i=1Bi = ĥG§B�����V ar(B) =

1
k(k−1)

∑k
i=1(Bi − B)2§�kÚmÑ�GO\�§§´

σ2
h

G
��

Ü�O"
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��·���
�OþV ar(ĥG) §·�Ò�±O��

�­��ÚOþµ�k�Ïf(Inefficiency Factor,Ineff):

Ineff(ĥG) =
V ar(ĥG)

s2/G
=
σ2
h/G

s2/G

ª¥§s2´{Zg}�����"·���±^µk���
ê(effective sample size,ESS)5)ºIneff�¿Âµ

ESS(ĥG) =
G

Ineff(ĥG)

'uIneff�,	���dL«�:

Ineff(ĥG) =
∞∑

g=−∞
ρg = 1 + 2

∞∑
g=1

ρg (11.5.10)

Ù¥§ρg´ê¼óh(θ) �g �g�'¼ê"


